The "exotic" particle model associated with the two-parameter central extension of the planar Galilei group can be used to derive the ground states of the Fractional Quantum Hall Effect. Similar equations arise for a semiclassical Bloch electron. Exotic Galilean symmetry is also be shared by Chern-Simons field theory of the Moyal type.
"Exotic" mechanics in the plane
It has been known for (at least) 33 years that the planar Galilei group admits an "exotic" twoparameter central extension [4] : unlike in D ≥ 3 spatial dimensions, the commutator of galilean boosts yields a new central charge,
This has long remained a sort of mathematical curiosity, though. It has been around 1995 that people started to inquire about the physical consequences of such an extended symmetry. In [2, 3] , in particular, Souriau's "orbit method" [14] has been used to construct a classical mechanical system with such an exotic symmetry. The resulting free model moves, however, exactly as in the standard case: the new, "exotic" structure does not lead to any new physics. A crucial step has been to couple such a particle to an abelian gauge field following Souriau's version of "minimal coupling". The resulting equations of motion read
where θ = k/m 2 is the non-commutative parameter and we have introduced the effective mass m * = m(1 − eθB). The crucial property for physical applications is the relation between velocity,ẋ i , and momentum, p i in the first equation of motion. Let us observe that, if θ = 0, the velocity and the momentum are not parallel, but differ rather in an "anomalous" term.
Equations (2.2) come from the Lagrangian
When m * = 0, 2.2 is also a Hamiltonian system,ξ = {h, ξ α }, with ξ = (p i , x j ) and Poisson brackets
4)
A most remarkable property is that for vanishing effective mass m * = 0 i.e. when the magnetic field takes the critical value
the system becomes singular. Then "Faddeev-Jackiw" (alias symplectic) reduction yields an essentially two-dimensional, simple system, similar to "Chern-Simons mechanics" [15] . The symplectic plane plays, simultaneously, the role of both configuration and phase space. The coordinates have non-vanishing Poisson bracket,
cf. (2.1) . The only motions are those which follow a generalized Hall law, and the quantization of the reduced system yields the "Laughlin wave functions" [10] , which are in fact the ground states in the Fractional Quantum Hall Effect (FQHE).
Semiclassical Bloch electron
Quite remarkably, around the same time and with no relation to the above developments, a very similar theory has arisen in solid state physics [6] . Applying a Berry-phase argument to a Bloch electron in a lattice, a semiclassical model can be derived. The equations of motion in the n th band readẋ
where x = (x i ) and p = (p j ) denote the electron's three-dimensional intracell position and quasimomentum, respectively, ǫ n (p) is the band energy. The purely momentum-dependent Ω is the Berry curvature of the electronic Bloch states,
and are also consistent with the Hamiltonian structure [17, 16] {x 3.6) and Hamiltonian h = ǫ n − eV .
Restricted to the plane, these equations reduce, furthermore, to the exotic equations (2.2) provided Ω i = θδ i3 . For ǫ n (p) = p 2 /2m and chosing A i = − θ 2 ǫ ij p j , the semiclassical Bloch Lagrangian (3.3) reduces to the "exotic" expression (2.3) .
If θ is not constant, the exotic galilean symmetry is lost, however, even for the no-field case. Applications of the model include the Anomalous [7] , the Spin [8] , and the Optical [9] Hall Effects.
Non-commutative Chern-Simons theory
Field theory coupled to an abelian gauge field A ν , whose dynamics is governed by the Chern-Simons term admits exact vortex solutions [12, 13] . Such theories can be either relativistic or nonrelativistic. In the latter case [13] ,
[plus a potential U (ψ)], where D ν = ∂ ν − ieA ν , ν = t, i. Infinitesimal galilean boosts, implemented conventionally as
are generated by the constants of the motion
The galilean symmetry extends in fact into a Schrödinger symmetry [13] ; there is no sign of "exotic" galilean symmetry, however, since {G 0 1 , G 0 2 } = 0. Replacing ordinary products with the Moyal star-product,
where θ is a real parameter, a non-commutative version of the theory can be constructed, though. The classical Lagrangian is formally still (4.1), but the covariant derivative, the field strength, and the Chern-Simons term,
respectively, all involve the Moyal form. The variational equations read
κE i − eǫ ik j l k = 0, (4.11) κB + eρ l = 0, (4.12) where B = ǫ ij F ij , E i = F i0 , and ρ l and  l denote the left density and left current, respectively,
Dψ ⋆ψ − ψ ⋆ (Dψ) . (4.13)
These equations admit, just like their ordinary counterparts, exact vortex solutions [18] . The modified theory is not invariant w. r. t. boosts implemented as above. Galilean invariance can be restored, however, by implementing boosts rather as
supplemented by (4.3)- (4.4) . Then the generators, 
